Measurement of the matched spot size in the hydrogen-filled capillary discharge waveguide based on the spot size oscillation of a collimated laser is presented in this paper. The spot size oscillation trace is retrieved from the laser modes measured at the exits of discharged capillaries of different lengths under the same discharge conditions. With the gas pressure, peak discharge electric current and capillary radius fixed, the radial density profiles are identical in all the discharged capillaries. The measured laser modes are equivalent to the evolution at discrete positions in a long plasma channel. Compared to former researches based on the spot size at the capillary exit, this method is not affected by the multiple solution problem. The use of a collimated laser eliminates the influences of the divergence angle on the fitting accuracy. By this means, the matched spot sizes of hydrogen-filled capillary discharge waveguides under different gas pressures (5-20mbar) 
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I. INTRODUCTION
Laser wakefield accelerators (LWFAs) have received considerable attention as potential highquality next-generation electron beam sources. [1] [2] [3] [4] Because of its high acceleration gradient, energetic electron beams can be generated in a compact distance. To obtain multi-GeV-scale energy, long distance acceleration remains to be a challenge owing to laser diffraction and short dephasing length. The self-guided LWFA was proposed as an improved scheme, and has generated an electron beams beyond 1 GeV. 5 However, the self-guiding over the entire plasma region only lasted for 15 vacuum Rayleigh lengths because of the laser depletion in high-density plasma. To achieve a better guiding behavior, the capillary discharge waveguide has been considered feasible. [6] [7] [8] [9] In the gas-filled capillary discharge, the plasma channel is formed by the temperature profile during discharge, which is higher in the center due to the Ohmic heating effect of plasma and drops radially because the heating is a ) wentao. balanced by heat conduction to the capillary wall. 10, 11 As the gas pressure is almost uniform, the radial plasma density has quasi-quadratic profile. A Gaussion intensity laser pulse distributed as I = I 0 exp −2r 2 /r 2 i can be well guided in a plasma channel with a parabolic density distribution as n(r) = n 0 + (r/r m ) 2 n d (r ≤ r m ) if the waist radius r i equals the matched spot size r m = (πr e n d ) −1/2 , [11] [12] [13] [14] [15] where n 0 is the on-axis density, n d is the density depth (density difference between the axis and r m ), and r e is the classical electron radius. To achieve a better guiding behavior, optical schemes have been proposed to diagnose the capillary discharge waveguide. Longitudinal interferometry offers an intuitive pattern of the density profile, which is only accurate for capillaries of millimeter-scale length and the result is affected by the end effect. 16 Transverse interferometry provides the transverse density profile, whereas it requires square capillaries. 17 The laser centroid oscillation measurement can be used to determine the matched spot size and channel profile, however the experimental result is affected by the incident angle. 18, 19 r m can also be determined from the spot size oscillation in the plasma channel, such as measuring laser spot size at the capillary exit. 20 But it is sensitive to the focal position shift of the laser. Moreover, more than one solution to the matched spot size might exist for a specific exit spot size, which also introduces measurement inaccuracy. On the other hand, continuous measurement of the laser spot sizes along the discharged capillary is difficult.
In this paper, a method based on the spot size oscillation is presented to diagnose the matched spot size r m of the hydrogen-filled capillary discharge waveguide, which is aimed to offer a spot size reference for the channel-guided LWFAs and obtain high-energy electron beams. The spot sizes are measured at the exit of capillaries of different lengths under the same discharge conditions, including the diameter of hole (500 µm), discharge current profile (80 A peak current), and filling gas pressure (5−20 mbar). This method relies on the fact that the radial density profiles in hydrogen-filled capillary discharge waveguides mainly depend on the three parameters in absence of the longitudinal flow. 11 The measured spot sizes are identical to those at discrete positions of a long waveguide under the same discharge conditions. Then the spot size oscillation trace is obtained by fitting the experimental data to the theoretical oscillation formula. Adoption of a collimated laser eliminates the influence of the divergence angle of the probe laser to ensure the fitting accuracy. Moreover, this method avoids multi-solution inaccuracy. The probe laser is low in intensity (7 × 10 10 W/cm 2 ), which avoids the influence of the relativistic effects. The diagnostic shows that r m and n d were 41.8 µm under a pressure of ∼20 mbar (9.7 × 10 17 cm −3 ). Further, this method was used to measure the matched spot sizes of the discharged waveguides in lower plasma density. The results were 46.0 µm at ∼15 mbar (7.0 × 10 17 cm −3 ), and 48.64 µm at ∼5 mbar (2.4 × 10 17 cm −3 ).
II. COLLIMATED LASER PROPAGATION IN A PLASMA CHANNEL
The low-intensity collimated probe laser in experiment is aimed at minimizing the influence of the divergence angle r i of a focal laser, which is caused by the position inaccuracy ∆z between the focal position and the entrance of the plasma channel as r i ≈ λ 2 ∆z/π 2 r 3
i0
. Considering a Gaussian intensity profile laser with a beam waist radius of r i0 and divergence angle of r i at the channel entrance, according to Ref. 23 , the spot size r o after a propagation distance d is formulated as
where λ is the wavelength of the probe light and k = 2λ/πr 2 m . The spot size oscillates periodically inside the plasma channel. Although the oscillation duration is independent of r i , the oscillation amplitude will be enlarged if r i at the plasma channel entrance is not zero. As shown in Fig. 1 with λ = 0.8 µm, r i0 = 25 µm and r m = 45 µm, the spot size oscillation amplitude for r i = 8 mrad is 6.45 µm larger than that for r i = 0. The amplitude enlargement will introduce error in determination of r m , because r m is related to the extreme values of the spot size oscillation trace. To minimize the influence of the divergence angle, a collimated laser is considered as a promotive scheme because 
Equation (2) indicates that the spot size oscillation inside the plasma channel is independent of r i for a collimated laser. Additionally, the oscillation described by Eq. (2) is unique for a specific r m . Therefore, the multi-solution problem can be avoided. In this paper, the spot size oscillation trace is retrieved by fitting Eq. (2) to the spot sizes of the laser modes measured at the exits of the capillaries.
III. EXPERIMENTAL SETUP
The experiment was performed with a 10 Hz pulsed Nd:YAG laser at 532 nm as shown in Fig. 2 . The divergence of the incident laser was less than 50 µrad, and it can be considered collimated taking into account the 500 µm diameter hole and centimeter-scale length of the capillary. The pulse had an energy of 150 mJ, full width at half-maximum duration of 10 ps, and beam waist radius of 2.5 mm
Experimental setup for the matched spot size measurement. at 1/e 2 of the peak intensity, corresponding to an intensity of 7 × 10 10 W/cm 2 , which is lower than the ionization threshold of hydrogen of 1 × 10 14 W/cm 2 . The capillary was made of fused silica. The hydrogen gas was filled in from two slots located 1 mm from each of the capillary ends. The gas pressure was roughly detected by attaching a micro gas pressure sensor to one of the capillary ends, which varied in a range between 5 and 20 mbar. The on-axis plasma densities were measured by the Stark broadening of the H-alpha spectrum line at the exit of the capillary. 21, 22 The peak discharge current was fixed at 80 A for all capillaries by tuning the voltage. The laser modes at exits of capillaries were recorded by a CCD camera after being magnified 6 times. The laser spot size were determined by fitting the laser intensity to a Gaussian form.
Before the measurement, the capillary was aligned by observing the laser modes at the exit of the capillary. This process is necessary because good alignment will reduce the errors caused by incident angle. Although the incident angle does not affect the spot size oscillation directly, it will introduce errors in the spot size measurement when fitting the intensity profile of the laser modes to a Gaussian form. The capillary is first roughly aligned by observing the transmitted laser energy and the laser mode at the exit of the capillary while adjusting its position and angle. A further alignment is achieved if the transmitted laser energy's evolution is the same for a same radial position shift in any direction. Since the laser energy stability is with 1%, the transmitted energy variates obviously when the shifting distance is as large as the beam waist radius. The best alignment is achieved when the transmitted laser energy and the output laser mode changes in the same way with rotation of the angle or a shift in the position by the same degree in any radial direction.
IV. RESULT AND DISCUSSION
The radial density profile was kept identical for capillaries of different lengths by maintaining the same peak discharge current and gas pressure. This is because radial density variation depends on the radial temperature profile and on-axis density. 11 And the radial temperature profile depends on the discharge current and capillary radius. In experiments, the capillary discharge was performed with a peak electric current of 80 A by tuning the voltage. The discharge current profiles in capillaries of 2 cm to 8 cm under a 20-mbar pressure are shown in Fig. 3(a) . For all capillaries, the discharge current profile were similar in shape before 1000 ns, which began to rise at 90 ns and reached the current peaks at ∼490 ns. The on-axis electron density distributions at 20 mbar along capillaries of 3 cm and 6cm lengths at 500 ns were measured by Stark line broadening, which are plotted in Fig. 3(b) . The axial density profile was almost uniform from 2 mm to 28 (58) mm away from the entrance of a 3 (6) cm capillary. The average electron density was 9.7 × 10 17 cm −3 , which is close to the theoretical electron density assuming full ionization. The error bars were the deviation ranges of the data measured at each position. It is worth noting that the electron density has a falling ramp near the gas slots, which is also known as end effect. 24 However, the length of the density ramp is ∼2 mm, which has limited effects on the spot sizes as will be discussed. Since the discharge current profiles and on-axis density are similar for capillaries of different lengths under the same discharge conditions, the radial density distribution can be considered to be the same. And the laser modes at the exit of capillaries of different lengths are identical to the laser evolution at discrete positions in a long channel.
The plasma channel only exists around the electric current peak, which could be recognized from the measured laser modes. The laser modes from 100 to 1000 ns at the exit of a 2 cm capillary under a 20-mbar pressure are plotted in Fig. 4 . The radial intensity profile (red trace) was obtained by summing the central 30 rows of pixels of the images recorded by CCD. At the beginning (100 ns) and end (1000 ns) of the discharge when the current was low and the ionized electrons were rare, the laser intensity profile was almost flat in the central range within a 140 µm radius. When the current and electron density continued to rise (200 ns and 900 ns), the light was separated into a circumjacent ring and a central circle with similar intensities. And the size of the circular region kept changing during the discharge. This might be because the radial density profile has not formed a channel shape yet when the hydrogen was not fully ionized. If the discharge current rose closer to the peak (300 ns and 800 ns), the central circle was further focused to an almost unchanged value while the intensity of the circumjacent light became much lower, which indicated the existence of a plasma channel. In this time range, the spot sizes of the laser modes were obtained by fitting the intensity profile of the central light to a Gaussian form, as the dashed yellow traces in Figs. 4(c) and (d). The spot size oscillation trace inside a long discharged capillary was retrieved by fitting Eq. (2) to the measured laser spot sizes at the same delay for different capillaries.
r i0 and r m are determined by fitting all the laser sizes measured at the same time to Eq. (2) using the non-linear least square algorithm. For instance, the spot sizes measured at 500 ns for capillary lengths from 3 to 8 cm at a 0.5 cm interval are plotted in Fig. 5(a) . The error bars represent the deviation range of the measured spot sizes from the average value at each interval. Fitting all the measured data to Eq. (2) with the same weight, the spot size oscillation trace can be retrieved. The reliability of the line fitting was assessed by 2 , where r oj ,r oj andr oj were the measured spot sizes, fitting results and average spot sizes at each position, respectively. In this case, R 2 was 0.969 when the best fitting was obtained for r i0 = 69.6 µm and r m = 41.8 µm, as the dashed green line in Fig. 5(a) . The accuracy in determination of r m is related to the deviation ∆r o between the experimental data and the retrieved traces by ∆r m = √ (r min ± ∆r o )(r max ± ∆r o ) − r m , where r min and r max were the extreme values of the retrieved spot size oscillation trace. By considering the maximum deviation ∆r o at all intervals at 500 ns, the lower and upper limits were calculated to be −1.68 µm and 1.75 µm, respectively. Therefore, the lower and upper limits of ∆r m were −1.93 and 1.98 µm, and the channel depth was 6.46 +0.64 The spot sizes (hollow circles) and the retrieved oscillation traces (solid lines) between 300 and 800 ns at 20 mbar are plotted in Fig. 5(b) . The error bars at each point represent the deviation ranges of the experimental data from the average sizes at each interval. R 2 was above 0.96 for all the fitting. The retrieved oscillation traces from 300 to 800 ns were similar in shape, which also indicated that the guiding effect of the plasma on the probe light was stable. The incident laser beam waist radius (r i0 ) from the retrieved oscillation traces between 300 and 800 ns is plotted in Fig. 6(a) µm, as shown in Fig. 6(b) . The corresponding channel depth n d determined from r m was 6.40 +0.81 −0.67 × 10 16 cm −3 as shown in Fig. 6(c) . r m showed a decrease trend at 300 ns when the discharge current was reaching its peak, which might be a result of the steep temperature gradient caused by a large current. The spot sizes measured at 200 and 900 ns are also plotted in Figs. 5(b) and (c). It is worth noting that the spot sizes were larger than those between 300 and 800 ns and had significantly different oscillation behaviors. It suggests that Eq. (2) can not describe the spot size oscillations at these two delay instances because the channel has not been formed or already collapsed. It agrees with our analysis of the laser modes in Fig. 4 .
The capillary discharge waveguides under lower pressures of 5 and 15 mbar were also diagnosed using this method, whose on-axis densities were 2.4 × 10 17 cm −3 and 7.0 × 10 17 cm −3 , respectively. When the on-axis density was 7.0 × 10 17 cm −3 , the laser modes showed intense peaks between 300 and 600 ns. The retrieved oscillation traces are plotted in Fig. 7(a) . R 2 was higher than 0.93 in all the cases. From the retrieved spot size oscillation trace, the time averaged incident laser beam waist radius was determined as 73.75 ∼4 µm wider, respectively. The matched spot size decreases in low density plasma, which might be due to the enhancement of the heating effect owing to the large resistivity in low-density plasma. 11 Determination of r m based on the spot size oscillation with a collimated incident laser, which is obtained by fitting the theoretical description to the spot sizes measured at the exit of capillaries of different lengths, is not sensitive to the laser divergence at the channel entrance and the solution is unique. The main error has several origins. The first one is the laser centroid offset caused by the alignment error and the pointing fluctuation, because it affects the location of the laser modes centroid at the capillary exit. The centroid determination accuracy is estimated to be ∼100 µm in the experiment. The pointing fluctuation is ∼1 µrad in our experiment, which can cause laser centroid offset of 100 µm. 19 These two effects will introduce errors in measuring the spot size of the laser modes. Under a 20-mbar pressure in Fig. 5 , the measurement error is nearly ±2.1 µm and it lead to an error of ±2.4 µm in r m . An improved magnification system can be used to get a smaller measurement error. Also, the accuracy of the line fitting could be improved by measuring more data at a smaller interval and setting an appropriate confidence interval. This is limited by the experimental conditions. Another error source is caused by the ∼2mm density ramp at the channel exit as shown in Fig. 3(b) , which might not guide the laser efficiently. The error could be estimated by assuming that the laser diffracts with a maximum exit angle in the ramp, which would cause a maximum ∆r o of ±0.86 µm in determination of the spot size. The corresponding inaccuracy in determination of r m is nearly ±0.97 µm.
V. CONCLUSION
In conclusion, measurement of a capillary discharge waveguide based on retrieving its spot size oscillation trace is proposed in this paper. The oscillation trace is retrieved from the laser spot sizes measured at the exits of capillaries of different length with the peak electric current, capillary radius and the gas pressure fixed. The radial density has the same profile in all the capillary discharge waveguide if the three parameters are fixed. The matched spot size as well as channel depth is determined from the retrieved spot size oscillation trace. The average matched spot sizes varied from 48.64 µm to 42.03 µm when the on-axis density is increased from 2.4×10 17 cm −3 to 9.7×10 17 cm −3 . It provides the plasma-channel-guided LWFAs with a laser spot size reference, especially with plasma density below 1 × 10 18 cm −3 .
